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Let U (q) be a Sylow p-subgroup of the Chevalley groups D4(q)
where q is a power of a prime p. We describe a construction of all
complex irreducible characters of U (q) and obtain a classiﬁcation
of these irreducible characters via the root subgroups which are
contained in the center of these characters. Furthermore, we show
that the multiplicities of the degrees of these irreducible characters
are given by polynomials in (q − 1) with nonnegative integer
coeﬃcients.
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1. Introduction
Let q be a power of a prime p and Fq a ﬁeld with q elements. The group Un(q) of all upper
triangular (n × n)-matrices over Fq with all diagonal entries equal to 1 is a Sylow p-subgroup of
GLn(Fq). It was conjectured by G. Higman [13] that the number of conjugacy classes of Un(q) is given
by a polynomial in q with integer coeﬃcients.
Higman’s conjecture was reﬁned using the (complex) character theory of Un(q). I.M. Isaacs [16]
showed that the degrees of the irreducible characters of Un(q) are of the form {qe: 0  e  μ(n)}
where the upper bound μ(n) is known explicitly. G. Lehrer [18] conjectured that the numbers Nn,e(q)
of irreducible characters of Un(q) of degree qe are given by a polynomial in q with integer coeﬃcients.
I.M. Isaacs suggested a strengthened form of Lehrer’s conjecture stating that Nn,e(q) is given by a
polynomial in (q − 1) with nonnegative integer coeﬃcients. So, Isaacs’ conjecture implies Higman’s
and Lehrer’s conjectures.
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F. Himstedt et al. / Journal of Algebra 332 (2011) 414–427 415It is natural to consider these questions in the context of ﬁnite groups of Lie type. Let G(q) be a
Chevalley group deﬁned over Fq and let U (q) be a maximal unipotent subgroup of G(q); i.e., U (q) is
a Sylow p-subgroup of G(q). S. Goodwin and G. Röhrle [10] developed an algorithm for parametrizing
the conjugacy classes of U (q) which is valid when p is good for the underlying root system. Using
an implementation of this algorithm in the computer algebra system GAP [6], they determined the
number of conjugacy classes of U (q) for all Chevalley groups G(q) of rank at most 6 and for these
groups they were able to show that this number is given by a polynomial in q. Other recent results
on questions related to Higman’s conjecture were obtained by S. Goodwin and G. Röhrle [8,9,11] and
A. Evseev [5].
A promising approach to an understanding of the complex irreducible characters of U (q) is the
general concept of supercharacters whose development was initiated by C. André, P. Diaconis and
I.M. Isaacs, see [1,4]. C. André and A.M. Neto [2] deﬁned and studied supercharacters of U (q) if G(q)
if a classical group of type Bn , Cn or Dn and p  3. These supercharacters are deﬁned as products of
so-called elementary characters. Furthermore, they were able to show that every irreducible character
of U (q) is a constituent of a unique supercharacter, so that the supercharacters induce a partition on
the set of irreducible characters of U (q). For p = 2 it is known that for orthogonal and symplectic
groups there exist characters of degree not a power of q, see Gow, Marjoram and Previtali [12], Isaacs
[16] and Sangroniz [19]. We can view this fact as evidence for why the prime 2 is bad for the classical
groups of type Bn , Cn or Dn . We are interested in an explanation for why the primes 3 and 5 are bad
for E8(3 f ) respectively E8(5 f ) in terms the representation theory of its Sylow 3- respectively Sylow
5-subgroup.
In this article we study the irreducible characters of a maximal unipotent subgroup U (q), that is
a Sylow p-subgroup, of the Chevalley groups G(q) of type D4. We describe a construction of all irre-
ducible characters of U (q) which also works for bad characteristic p = 2. Our main result Theorem 4.1
is a classiﬁcation of the irreducible characters of U (q) via the root subgroups which are contained in
the center of the irreducible characters. In this way we get a natural partition of the set of irreducible
characters of U (q) into families. With each positive root we associate (q−1) distinct irreducible char-
acters of U (q) which we call midaﬁs. They are a fundamental tool in the proof of our classiﬁcation
result and in some sense they play a role similar to André’s and Neto’s elementary characters. We
also obtain the degrees and for each degree the number of irreducible characters of U (q) of this de-
gree. From this we can conclude that an analogue of Isaac’s conjecture is true for U (q), even in bad
characteristic p = 2.
There are several differences between André’s and Neto’s methods and ours:
• We do not make use of the natural matrix representation of the classical group of type D4.
Instead we use Lie theory and the underlying root system whenever it is possible.
• Our midaﬁs are always irreducible characters while André’s and Neto’s elementary characters are
not necessarily irreducible.
• We can describe a construction of all irreducible characters of U (q).
• Our methods also work in bad characteristic p = 2.
There are two reasons why we consider the Chevalley groups of type D4. First, they are not too
far away from the classical An-case. And second, the maximal unipotent subgroups of the Chevalley
groups of type D4 are isomorphic to factor groups of the maximal unipotent subgroups of the ex-
ceptional groups of type E6, E7 and E8. Therefore, we hope that this paper is a step towards the
classiﬁcation of the irreducible characters of the maximal unipotent subgroups of the “large” excep-
tional groups.
This paper is organized as follows: In Section 2, we introduce the general setup and ﬁx notation.
In Section 3, we develop several tools which are essential for our construction of the irreducible char-
acters of U (q): hook subgroups and midaﬁs. Finally, in Section 4, we apply these tools to obtain a
construction and classiﬁcation of the irreducible characters of U (q). Also in this section we deter-
mine the degrees and numbers of the irreducible characters of U (q) and prove an analogue of Isaac’s
conjecture for U (q).
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Positive roots of the root system Φ of type D4.
Height Roots
5 α12 := 1
1 2 1
4 α11 := 1
1 1 1
3 α8 := 1
1 1 0
α9 := 0
1 1 1
α10 := 1
0 1 1
2 α5 := 0
1 1 0
α6 := 1
0 1 0
α7 := 0
0 1 1
1 α1 α2 α3 α4
2. Notation and setup
In this section, we introduce the setup and notation which will be used throughout this paper.
2.1. Root system of type D4
Let Φ be a root system of type D4 in some Euclidean space, with basis  = {α1,α2,α3,α4} of
simple roots such that α1,α2,α4 are orthogonal to each other. The Dynkin diagram of Φ is
  

α1 α3 α4
α2
The positive roots are those roots which can be written as linear combinations of the simple roots
α1,α2,α3,α4 with nonnegative coeﬃcients and we write Φ+ for the set of positive roots. We use
the notation 1
1 2 1
for the root α1 + α2 + 2α3 + α4 and we use a similar notation for the remaining
positive roots. The 12 positive roots of Φ are given in Table 1.
The numbering α1,α2, . . . ,α12 of these roots is in accordance with the output of the CHEVIE [7]
command
CoxeterGroup("D", 4);
We say that a nonempty subset S ⊆ Φ is closed if for all α,β ∈ S we have α + β ∈ S or α + β /∈ Φ .
Recall that if α =∑i aiαi is a positive root then its height is ∑i ai . We write ht(α) for the height of
a positive root α.
2.2. Chevalley groups of type D4
Let L be a simple complex Lie algebra with root system Φ . We choose a Chevalley basis {hr | r ∈
} ∪ {er | r ∈ Φ} of L such that the structure constants Nrs in [er, es] = Nrser+s are positive for all
extraspecial pairs of roots (r, s) ∈ Φ × Φ , see [3, Section 4.2]. Fix a power q of some prime p and
let G = G(q) = D4(q) be the Chevalley group of type D4 over the ﬁeld Fq constructed from L, see
[3, Section 4.4]. The group
G = D4(q) ∼= PΩ+8 (q)
is simple and is generated by the root elements xα(t) for α ∈ Φ and t ∈ Fq . Let Xα := {xα(t) | t ∈ Fq}
be the root subgroup corresponding to α ∈ Φ . For positive roots, we use the abbreviation xi(t) :=
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Commutator relations for type D4.
[x1(t), x3(u)] = x5(tu) [x1(t), x6(u)] = x8(−tu)
[x1(t), x7(u)] = x9(tu) [x1(t), x10(u)] = x11(−tu)
[x2(t), x3(u)] = x6(tu) [x2(t), x5(u)] = x8(−tu)
[x2(t), x7(u)] = x10(tu) [x2(t), x9(u)] = x11(−tu)
[x3(t), x4(u)] = x7(tu) [x3(t), x11(u)] = x12(−tu)
[x4(t), x5(u)] = x9(−tu) [x4(t), x6(u)] = x10(−tu)
[x4(t), x8(u)] = x11(−tu) [x5(t), x10(u)] = x12(−tu)
[x6(t), x9(u)] = x12(−tu) [x7(t), x8(u)] = x12(tu)
xαi (t), i = 1,2, . . . ,12. The commutators [xi(t), x j(u)] = xi(t)−1x j(u)−1xi(t)x j(u) are given in Table 2.
All [xi(t), x j(u)] not listed in this table are equal to 1.
Let U = U (q) be the subgroup of G = G(q) generated by the elements xi(t) for i = 1,2, . . . ,12 and
t ∈ Fq . So U is a maximal unipotent subgroup and a Sylow p-subgroup of G . In this paper, we are
interested in the complex irreducible characters of U . Note that each element u ∈ U can be written
uniquely as
u = x1(d1)x2(d2) · · · x12(d12)
where d1, . . . ,d12 ∈ Fq . The multiplication of the elements of U is described by the commutator rela-
tions. The center Z(U ) = Xα12 is elementary abelian of order q.
2.3. Characters, induction and restriction
For a ﬁnite group H , let Irr(H) be the set of complex irreducible characters of H and let (·,·)H
or (·,·) be the usual scalar product on the space of class functions of H . Let 1H denote the trivial
character of H . If χ is a character of a subgroup H1 of H , then we write χ H for the induced character,
and if ξ is a character of H , we write ξ |H1 for the restriction of ξ to the subgroup H1.
Deﬁnition 2.1. Let H be a ﬁnite group. We say that χ ∈ Irr(H) is almost faithful if Z(H)  ker(χ).
Note that if q is not prime, then the center Z(U ) is not cyclic and in this case U does not have
any faithful irreducible characters. The almost faithful irreducible characters of U are in some sense
closest to being faithful.
For a ﬁeld K , let K× be its multiplicative group. In the whole paper, we ﬁx a nontrivial linear
character φ of the group (Fq,+). So for α ∈ Φ+ and s ∈ Fq , the map ϕα,s : Xα → C× , xα(d) → φ(s ·d)
is a linear character of the root subgroup Xα , and all irreducible characters of Xα arise in this way.
3. Hook subgroups and midaﬁs
For each positive root α, we construct (q − 1) distinct irreducible characters of U , called midaﬁs,
which play a fundamental role in the classiﬁcation and construction of the irreducible characters of U
in this paper.
3.1. Hook subgroups and base subgroups
With each positive root α, we associate certain sets of positive roots and a certain subgroup of U
which will be used to deﬁne the midaﬁs.
Deﬁnition 3.1. Let α ∈ Φ+ be a positive root.
(a) The set h(α) := {γ ∈ Φ+ | α − γ ∈ Φ+ ∪ {0}} ⊆ Φ+ is called the hook of α.
(b) The subgroup Hα := 〈Xγ | γ ∈ h(α)〉 U is called the hook group of α.
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arm(α) :=
{ {α7,α9,α10,α11}, if α = α12,
(h(α) ∩ h(α12)) \ {α}, if α = α12,
∅, if α ∈ {α1,α2,α4}
the arm and leg(α) := h(α) \ (arm(α) ∪ {α}) the leg of α.
(d) The subgroup Vα := 〈Xγ | γ ∈ Φ+ \ leg(α)〉 is called the base group of α.
Remark. The deﬁnition of arm(α12) may seem artiﬁcial. However it is natural if we want to generalize
the deﬁnitions of hook, arm and leg to all root systems, using the formula in (c). For example if we
think of D4 root system as a natural subsystem of a D5 root system, then, using the formula in (c),
the arm of the highest root of D4 is exactly the set of roots in our deﬁnition above.
Example. (a) If ht(α) = 1, then Hα = Xα , arm(α) = leg(α) = ∅.
(b) The hook subgroup
Hα12 = Xα3 Xα5 Xα6 Xα7 Xα8 Xα9 Xα10 Xα11 Xα12
is the unipotent radical of the maximal parabolic subgroup of G corresponding to the set {α1,α2,α4}
of simple roots. So, Hα12 is a normal subgroup of U . Using the notation from Section 2.1, we can
picture Hα12 as follows:
0
0 1 1
1
0 1 1
0
1 1 1
1
1 1 1
1
1 2 1
arm(α12)
1
1 1 0
leg(α12)
0
1 1 0
1
0 1 0
0
0 1 0
Recall that a p-group P is special if Z(P ) = [P , P ] = Φ(H). If P is special with |P | = q2a+1 and Z(P )
is elementary abelian of order q = p f , then we call P special of type q1+2a .
Lemma 3.2. For each α ∈ Φ+ , the following hold.
(a) h(α) and Φ+ \ leg(α) are closed. Therefore, Hα =∏γ∈h(α) Xγ , and Vα =∏γ∈Φ+\leg(α) Xγ .
(b) |arm(α)| = | leg(α)| = ht(α) − 1.
(c) If ht(α) > 1, the hook subgroup Hα is a special group of order q1+2| leg(α)| , such that [x, Hα] = Z(Hα) for
all x ∈ Hα \ Z(Hα). In particular Hα has (q − 1) almost faithful irreducible characters of degree q| leg(α)|
and q2| leg(α)| linear characters.
Proof. Since the number of positive roots is quite small, with 12 roots, we can either do it directly
by hands or use CHEVIE to check both (a) and (b).
(c) Suppose ht(α) > 1. Again using CHEVIE, for all γ1, γ2 ∈ h(α), we have
γ1 + γ2
{= α, if γ2 = α − γ1,
/∈ Φ, otherwise.
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Z(Hα) for all x ∈ Hα \ Z(Hα). So Hα is special, and by Theorem 7.5 of [14], the character degrees
of Hα are as claimed. 
It is noted that Φ+ \ arm(α) may not be closed. Lemma 3.2(a) shows that |Vα | = q|Φ+|−| leg(α)| . The
main role of base subgroups is to construct midaﬁs in the next section.
3.2. Midaﬁs
The midaﬁs of U associated with α will be characters which are induced from Vα . We are going
to use the following lemma:
Lemma 3.3. Let α ∈ Φ+ .
(a) We have Xα ∩ [Vα, Vα] = {1}.
(b) For each s ∈ F×q there is a linear λα,s ∈ Irr(Vα) such that λα,s|Xα = ϕα,s and λα,s|Xγ = 1Xγ for all others
Xγ ⊂ Vα , γ = α.
Proof. (a) Suppose Xα ∩ [Vα, Vα] = {1}. The commutator relations imply that there are γ ,γ ′ ∈ Φ+ \
leg(α) such that γ + γ ′ = α. But then γ ∈ leg(α) or γ ′ ∈ leg(α), which is a contradiction.
(b) follows from (a). 
Deﬁnition 3.4. Let α be a positive root. We call the characters μα,s := λUα,s for s ∈ F×q the midaﬁs of U
associated with α.
Proposition 3.5. Let α be a positive root. The midaﬁsμα,s for s ∈ F×q are (q−1) distinct irreducible characters
of U and μα,s|Xα = μα,s(1) · ϕα,s .
Proof. Note that for all γ ∈ Φ+ with ht(γ ) ht(α), we have Xγ ⊆ ker(λα,s). So the statement about
the restriction μα,s|Xα is clear by Lemma 3.3 and the deﬁnition of induced characters, and from this
we immediately get μα,s = μα,s′ for s = s′ ∈ F×q . So we only have to show that μα,s is irreducible.
As the degree of μα,s is [U : Vα] = q| leg(α)| and μα,s|Xα = q| leg(α)|ϕα,s , Lemma 3.2(c) implies that
μα,s|Hα is irreducible (because Xα = Z(Hα) acts nontrivially and hence is not the sum of linear
characters) and thus μα,s is irreducible. 
Remark 3.6. We note that the restrictions of the (q − 1) midaﬁs μα,s to Hα are precisely the almost
faithful irreducible characters of Hα .
3.3. Hook subgroups for the group of upper triangular matrices
The notation of hooks, arms, legs and midaﬁs is motivated by root systems of type A, that is, by the
structure of the Sylow p-subgroups of GLn(Fq). The group Un(q) of all upper unitriangular matrices
over Fq is a Sylow p-subgroup of GLn(Fq). The root system of GLn(Fq) with respect to the maximal
torus of diagonal matrices has simple roots α1,α2, . . . ,αn−1 such that the nodes corresponding to αi
and αi+1 are joined in the Dynkin diagram for i = 1,2, . . . ,n − 2. The positive roots are the roots
αi j := αi +· · ·+α j for all 1 i  j  n−1. The root subgroup Xαi j consists of the matrices In+t ·ei, j+1
for t ∈ Fq , where In is the (n × n)-identity matrix and ei, j+1 is the (n × n)-matrix with zero entries
except a single entry 1 in position (i, j + 1). Hooks and hook subgroups can be deﬁned for Un(q) in
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pictured as follows:
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 . . . . . . .
. 1 ∗ ∗ ∗ ∗ . .
. . 1 . . ∗ . .
. . . 1 . ∗ . .
. . . . 1 ∗ . .
. . . . . 1 . .
. . . . . . 1 .
. . . . . . . 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Associated with each positive root αi j are (q − 1) irreducible characters of Un(q) which can be con-
structed in a way analogous to our midaﬁs for type D4. The word midaﬁ is an abbreviation for minimal
degree almost faithful irreducible which comes from the fact that the midaﬁs of Un(q) can be inter-
preted as almost faithful irreducible characters of minimal degree of suitable factor groups of Un(q).
For details, see [17, Section 2.2].
4. Irreducible characters of U
In this section, we describe a construction of all irreducible characters of U for all prime powers q.
In particular, we obtain the number and the degrees of all irreducible characters of U . The main result
is the following theorem.
Theorem 4.1. For every prime power q the irreducible characters of U are given by Table 3.
We begin with some comments on Table 3. There are 17 families of irreducible characters of U
and each row of Table 3 represents one of these families. For a nonlinear irreducible character χ of U ,
deﬁne S(χ) to be the set of integers i such that αi ∈ Φ+ is of maximal height such that Xαi  ker(χ).
We say that two irreducible characters χ and χ ′ of U lie in the same family if S(χ) = S(χ ′). In the
following, we will denote by FS(χ) the family of χ .
The ﬁrst column gives notation for these families of characters. Note that the family Fodd8,9,10 exists
only for odd q, while F even8,9,10 exists only if q is even. The second column of Table 3 gives notation
for the irreducible characters in each family. The subscripts are the elements of S(χ) and, if the
family possesses more than one subfamily, then the additional index is the degree of the characters.
The superscripts are parameters which can take values from the parameter set in the third column.
The fourth column lists the number of irreducible characters in the family and the last column gives
their degrees. Note that we use a slightly different notation for the set Flin of linear characters.
Example. Family F8 consists of 2 types of characters. The characters χa1,a28,q3 , where a1,a2 vary
over F×q , are (q − 1)2 distinct irreducible characters of degree q3, and the characters χa,b1,b28,q2 , where
a varies over F×q and b1,b2 vary over Fq , are q2(q − 1) distinct irreducible characters of U of de-
gree q2. Furthermore, one has Xα9 Xα10 Xα11 Xα12 ⊆ ker(χa1,a28,q3 ),ker(χ
a,b1,b2
8,q2
) and Xα8  ker(χ
a1,a2
8,q3
),
ker(χa,b1,b2
8,q2
).
4.1. Proof of Theorem 4.1
We describe the deﬁnition and construction of the irreducible characters in each family. Our main
tools will be the midaﬁs, Clifford theory and the commutator relations.
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Irreducible characters of U .
Family Notation Parameter set Number Degree
F12 χa,b1,b2,b312 F×q × Fq × Fq × Fq q3(q − 1) q4
F11 χa,b1,b2,b3,b411 F×q × Fq × Fq × Fq × Fq q4(q − 1) q3
Fodd8,9,10 χa1,a2,a3,b8,9,10 F×q × F×q × F×q × Fq q(q − 1)3 q3
F even8,9,10 χa1,a2,a38,9,10,q3 F×q × F×q × F×q (q − 1)3 q3
χ
x,a1,a2,a3,a4
8,9,10, q
3
2
Z4 × F×q × F×q × F×q × F×q 4(q − 1)4 q
3
2
F8,9 χa1,a2,a38,9,q3 F×q × F×q × F×q (q − 1)3 q3
χ
a1,a2,b1,b2
8,9,q2
F
×
q × F×q × Fq × Fq q2(q − 1)2 q2
F8,10 χa1,a2,a38,10,q3 F×q × F×q × F×q (q − 1)3 q3
χ
a1,a2,b1,b2
8,10,q2
F
×
q × F×q × Fq × Fq q2(q − 1)2 q2
F9,10 χa1,a2,a39,10,q3 F×q × F×q × F×q (q − 1)3 q3
χ
a1,a2,b1,b2
9,10,q2
F
×
q × F×q × Fq × Fq q2(q − 1)2 q2
F8 χa1,a28,q3 F×q × F×q (q − 1)2 q3
χ
a1,b1,b2
8,q2
F
×
q × Fq × Fq q2(q − 1) q2
F9 χa1,a29,q3 F×q × F×q (q − 1)2 q3
χ
a1,b1,b2
9,q2
F
×
q × Fq × Fq q2(q − 1) q2
F10 χa1,a210,q3 F×q × F×q (q − 1)2 q3
χ
a1,b1,b2
10,q2
F
×
q × Fq × Fq q2(q − 1) q2
F5,6,7 χa1,a2,a3,b1,b25,6,7 F×q × F×q × F×q × Fq × Fq q2(q − 1)3 q
F5,6 χa1,a2,b1,b25,6 F×q × F×q × Fq × Fq q2(q − 1)2 q
F5,7 χa1,a2,b1,b25,7 F×q × F×q × Fq × Fq q2(q − 1)2 q
F6,7 χa1,a2,b1,b26,7 F×q × F×q × Fq × Fq q2(q − 1)2 q
F5 χa,b1,b25 F×q × Fq × Fq q2(q − 1) q
F6 χa,b1,b26 F×q × Fq × Fq q2(q − 1) q
F7 χa,b1,b27 F×q × Fq × Fq q2(q − 1) q
Flin χb1,b2,b3,b4lin Fq × Fq × Fq × Fq q4 1
4.1.1. The irreducible characters in family F12
The irreducible characters in family F12 are the almost faithful irreducible characters of U .
By the remark following Proposition 3.5, the (q − 1) nonlinear irreducible characters of Hα12 of
degree q4 (see Lemma 3.2) extend to U . Since Hα12 is normal in U and U/Hα12 is isomorphic to
Xα1 × Xα2 × Xα4 ∼= Fq × Fq × Fq , Gallagher’s theorem [15, Corollary (6.17)], implies that F12 has
q3(q − 1) of degree q4. They can be parametrized by a ∈ F×q (parametrizing the midaﬁ) and b1,b2,
b3 ∈ Fq (parametrizing the irreducible characters of U/Hα12 ). This proves all statements about the
family F12 in Table 3.
4.1.2. The irreducible characters in family F11
Recall that the characters in family F11 are the irreducible characters χ of U such that Xα12 ⊆
ker(χ) and Xα11  ker(χ). We are going to work in the factor group U := U/Z(U ) = U/Xα12 . By the
commutator relations, we have the following subnormal series:
{1} H11 := Hα11 Xα12/Xα12  N11 :=
12∏
i=1
i =3
Xαi/Xα12  U ,
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group N11/H11 ∼= Xα5 × Xα6 × Xα7 is elementary abelian of order q3 and U/N11 ∼= Xα3 is elementary
abelian of order q.
First, we construct all ψ ∈ Irr(N11) with Xα11 Xα12/Xα12  ker(ψ). For each s ∈ F×q , one has Xα12 ⊆
ker(μα11,s). Hence we can identify the midaﬁ μα11,s with an irreducible character of U , which we
also denote by the same symbol.
Note that H11  Hα11 , deg(μα11,s) = q3 and Xα11  ker(μα11,s). Thus the remark following Propo-
sition 3.5 yields that the restrictions of the characters μα11,s to H11 are the almost faithful irreducible
characters H11. This shows in particular that these characters extend to N11. Hence by Gallagher’s the-
orem applied to N11  H11 there are q3(q − 1) irreducible characters of N11 such that Xα11 Xα12/Xα12
is not contained in their kernel. These characters have degree q3 and are parametrized by ψa,b1,b2,b3
where a ∈ F×q and bi ∈ Fq .
Next, we show that each ψa,b1,b2,b3 extends to U . Since Xα3 ·
∏
i5 Xαi/Xα12 is a normal abelian
subgroup of U of index q3, we can conclude from Ito’s theorem [15, Theorem (6.15)] that the degrees
of all irreducible characters of U divide q3. So from Clifford theory and Gallagher’s theorem applied
to N11  U it follows that each ψa,b1,b2,b3 extends to U in q ways. We denote these extensions by
ψa,b1,b2,b3,b4 . Inﬂating ψa,b1,b2,b3,b4 to U , we get the q
4(q − 1) irreducible characters χa,b1,b2,b3,b4 of
degree q3 of U .
4.1.3. The irreducible characters in family Fodd8,9,10
We assume that q is odd and are going to work in the factor group U := U/Xα11 Xα12 . Note that U
is a semidirect product U = K  A of the elementary abelian groups
K = Xα1 Xα2 Xα4 Xα11 Xα12/Xα11 Xα12 and A := Xα3 ·
∏
i5
Xαi/Xα11 Xα12 .
We consider the action of K , which is identical with Xα1 Xα2 Xα4 , on Irr(A) by conjugation. For ﬁeld
elements x,a,b, c,d, e, f ∈ Fq we deﬁne a linear character λx,a,b,c,d,e, f ∈ Irr(A) by
x3(d3)x5(d5)x6(d6) · · · x10(d10)Xα11 Xα12 → φ(x · d3 + a · d5 + b · d6 + · · · + f · d10),
where φ is a nontrivial linear character of (Fq,+) as in Section 2.3. We claim that
{
λx,0,0,0,d,e, f
∣∣ x ∈ Fq,d, e, f ∈ F×q } (1)
is a set of representatives for the action of Xα1 Xα2 Xα4 on the set λ ∈ Irr(A) such that λ|Xαi is non-
trivial for i = 8,9,10. From the commutator relations we obtain
x1(r)x2(s)x4(t)
(
x3(d3)x5(d5) · · · x10(d10)
)= x3(d3)x5(d5 + rd3)
· x6(d6 + sd3)x7(d7 − td3)
· x8(d8 − sd5 − rd6 − rsd3)
· x9(d9 − td5 + rd7 − rtd3)
· x10(d10 − td6 + sd7 − std3). (2)
So, (λx,0,0,0,d,e, f )x1(r)x2(s)x4(t) = λx′,0,0,0,d′,e′, f ′ if and only if
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(
x′d3 + d′d8 + e′d9 + f ′d10
)= φ((x− drs − ert − f st)d3 + (−ds − et)d5 + (−dr − f t)d6
+ (er + f s)d7 + dd8 + ed9 + f d10
)
for all di ∈ Fq . Thus, if (λx,0,0,0,d,e, f )x1(r)x2(s)x4(t) = λx′,0,0,0,d′,e′, f ′ then the coeﬃcients of d5,d6, . . . ,d10
imply d′ = d, e′ = e, f ′ = f and
(0 d e
d 0 f
e f 0
)
·
( r
s
t
)
=
(0
0
0
)
.
The determinant of the coeﬃcient matrix of this system of linear equations is 2def . Since q is odd,
we conclude r = s = t = 0 and so x′ = x. So, StabK (λx,0,0,0,d,e, f ) = {1}, and each orbit has size q3.
Summing up all q(q − 1)3 orbits, we obtain (1) indeed a set of representatives. By Clifford theory, the
induced characters ψa1,a2,a3,b := λUb,0,0,0,a1,a2,a3 are q(q − 1)3 distinct irreducible characters of U . By
inﬂation, we obtain χa1,a2,a3,b8,9,10 ∈ Irr(U ) of degree q3 of U .
4.1.4. The irreducible characters in family F even8,9,10
We assume that q is even. Again, we are going to work in the factor group U := U/Xα11 Xα12 .
We deﬁne subgroups K ∼= Xα1 Xα2 Xα4 and A of U in the same way as for odd q and obtain the
decomposition U = K  A. We consider the conjugation action of Xα1 Xα2 Xα4 on the set of irreducible
characters of the elementary abelian normal subgroup A. As for odd q, we deﬁne linear characters
λx,a,b,c,d,e, f ∈ Irr(A) by
x3(d3)x5(d5)x6(d6) · · · x10(d10)Xα11 Xα12 → φ(x · d3 + a · d5 + b · d6 + · · · + f · d10),
where φ is a nontrivial linear character of (Fq,+) and x,a,b, c,d, e, f ∈ Fq . If cdef = 0, then {def z2 +
cdz | z ∈ Fq} is a subgroup of (Fq,+) of index 2. Choose tc,d,e, f ∈ Fq \ {def z2 + cdz | z ∈ Fq}. We claim
that
{
λ0,0,0,0,d,e, f
∣∣ d, e, f ∈ F×q }∪ {λx,0,0,c,d,e, f ∣∣ x ∈ {0, tc,d,e, f }, c,d, e, f ∈ F×q } (3)
is a set of representatives for the action of Xα1 Xα2 Xα4 on the set λ ∈ Irr(A) such that λ|Xαi is non-
trivial for i = 8,9,10. From (2), interpreted in characteristic 2, we see that (λ0,0,0,0,d,e, f )x1(r)x2(s)x4(t) =
λ0,0,0,0,d,e, f implies
φ(dd8 + ed9 + f d10) = φ
(
(drs + ert + f st)d3 + (ds + et)d5 + (dr + f t)d6
+ (er + f s)d7 + dd8 + ed9 + f d10
)
for all di ∈ Fq . Thus, if (λ0,0,0,0,d,e, f )x1(r)x2(s)x4(t) = λ0,0,0,0,d,e, f then the coeﬃcients of d3,d5,d6,
. . . ,d10 imply r = s = t = 0 and so StabK (λ0,0,0,0,d,e, f ) = {1}. Each orbit of λ0,0,0,0,d,e, f has size q3,
and there are (q − 1)3 of them.
Now, suppose (λx,0,0,c,d,e, f )x1(r)x2(s)x4(t) = λx′,0,0,c′,d′,e′, f ′ where x, x′ ∈ Fq and c, c′,d,d′, e, e′, f , f ′ ∈
F×q . From (2) we see that
(λx,0,0,c,d,e, f )
x1(r)x2(s)x4(t) = λx′,0,0,c′,d′,e′, f ′
if and only if
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(
x′d3 + c′d7 + d′d8 + e′d9 + f ′d10
)= φ((x+ ct + drs + ert + f st)d3
+ (ds + et)d5 + (dr + f t)d6
+ (c + er + f s)d7 + dd8 + ed9 + f d10
)
for all di ∈ Fq . So (λx,0,0,c,d,e, f )x1(r)x2(s)x4(t) = λx′,0,0,c′,d′,e′, f ′ if and only if d = d′ , e = e′ , f = f ′ , c = c′ ,
r = fd t , s = ed t and x′ = x + ct + efd t2. It follows that (3) is indeed a set of representatives and
|StabK (λx,0,0,c,d,e, f )| = 2. Hence, each orbit of λx,0,0,c,d,e, f has size q
3
2 , and there are 2(q − 1)4 of
them. Again, summing up all orbits, we obtain (3) indeed a set of representatives.
By Clifford theory, the induced characters ψa1,a2,a3 := λU0,0,0,0,a1,a2,a3 are (q−1)3 distinct irreducible
characters of degree q3 of U . Furthermore, each λx,0,0,c,d,e, f extends in two ways to its inertia sub-
group and by inducing to U we obtain 4(q−1)4 irreducible characters ψx,a1,a2,a3,a4 of degree q
3
2 of U .
By inﬂation, we obtain χa1,a2,a3
8,9,10,q3
∈ Irr(U ) of degree q3 of U and χ x,a1,a2,a3,a4
8,9,10, q
3
2
of degree q
3
2 of U .
4.1.5. The irreducible characters in families F8,9 , F8,10 , F9,10
We are going to work in the factor group U := U/Xα10 Xα11 Xα12 . By the commutator relations, the
group
N10 := Hα8
∏
i9
Xαi/Xα10 Xα11 Xα12
is a normal subgroup of U and we have
N10 ∼= Hα8 × Xα9 and U/N10 ∼= Hα7 ,
where Hα7 , Hα8 are special p-groups of type q
1+2 and q1+4, respectively. So N10 has (q − 1)2 ir-
reducible characters for which neither Xα8 nor Xα9 is contained in their kernel, and they have
degree q2. We claim that all of them extend to U . Consider the subgroup
K 10 :=
12∏
i=1
i =1,5
Xαi/Xα10 Xα11 Xα12
of U of index q2 and let a1,a2 ∈ F×q . Since K 10 ∼= Xα2 Xα3 Xα4 Xα6 Xα7 × Xα8 × Xα9 there is a linear
character λa1,a2 of K 10 such that
λa1,a2 |Xα8 = ϕα8,a1 and λa1,a2 |Xα9 = ϕα9,a2
(here and in the following we identify the root subgroups with their images in U ). The induced
characters λUa1,a2 have degree q
2 and are irreducible, because they restrict irreducibly to Hα8 . Hence
they are extensions of the almost faithful irreducible characters of N10. Applying Gallagher’s theorem
to N10  U , we obtain (q − 1)3 almost faithful irreducible characters ψ8,9,q3,a1,a2,a3 of degree q3 and
q2(q − 1)2 almost faithful irreducible characters ψ8,9,q2,a1,a2,b1,b2 of degree q2 of U , where ai ∈ F×q
and bi ∈ Fq . By inﬂation, we obtain the irreducible characters χa1,a2,a38,9,q3 and χ
a1,a2,b1,b2
8,9,q2
of U . This
completes the construction of the irreducible characters in the family F8,9.
The characters in the family F8,10 are those χ ∈ Irr(U ) such that Xαi ⊆ ker(χ) for i = 9,11,12
and Xα j  ker(χ) for j = 8,10, and the characters in the family F9,10 are those χ ∈ Irr(U ) such that
Xαi ⊆ ker(χ) for i = 8,11,12 and Xα j  ker(χ) for j = 9,10. The deﬁnition and construction of the
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irreducible characters in F8,9.
4.1.6. The irreducible characters in families F8 , F9 , F10
We are going to work in the factor group U := U/Xα9 Xα10 Xα11 Xα12 . By the commutator relations,
the group
N9,10 := Hα8
∏
i9
Xαi/Xα9 Xα10 Xα11 Xα12
is a normal subgroup of U and U/N9,10 ∼= Hα7 . Since N9,10 is special of type q1+4, it has (q − 1)
almost faithful irreducible characters and they have degree q2 and the midaﬁs μα8,a , a ∈ F×q , are
extensions of these almost faithful characters to U . Now, Gallagher’s theorem applied to N9,10  U
gives us (q − 1)2 almost faithful irreducible characters ψ8,q3,a1,a2 of degree q3 and q2(q − 1) almost
faithful irreducible characters ψ8,q2,a,b1,b2 of degree q
2 of U , where a,ai ∈ F×q and bi ∈ Fq . By inﬂation,
we obtain the irreducible characters χa1,a2
8,q3
and χa,b1,b2
8,q2
of U . This completes the construction of the
irreducible characters in the family F8. The characters in the family F9 are those χ ∈ Irr(U ) such
that Xαi ⊆ ker(χ) for i = 8,10,11,12 and Xα9  ker(χ), and the characters in the family F10 are
those χ ∈ Irr(U ) such that Xαi ⊆ ker(χ) for i = 8,9,11,12 and Xα10  ker(χ). The deﬁnition and
construction of the irreducible characters in these two families are analogous to the deﬁnition and
construction of the irreducible characters in F8.
4.1.7. The irreducible characters in family F5,6,7
We are going to work in the factor group U := U/∏i8 Xαi . By the commutator relations, the
group
N5,6,7 :=
12∏
i=1
i =2,4
Xαi
/∏
i8
Xαi
is a normal subgroup of U and we have
N5,6,7 ∼= Hα5 × Xα6 × Xα7 and U/N5,6,7 ∼= Xα2 × Xα4 ,
where Hα5 is a special p-group of type q
1+2. Hence there are (q − 1)3 almost faithful irreducible
characters of N5,6,7 such that Xα5 , Xα6 , Xα7 are not contained in their kernel, these characters have
degree q and can be parametrized by ψa1,a2,a3 where ai ∈ F×q .
We show that each ψa1,a2,a3 extends to U : Since Xα1 Xα2 ·
∏
i4 Xαi/
∏
i8 Xαi is a normal abelian
subgroup of U of index q, we can conclude from Ito’s theorem [15, Theorem (6.15)] that the degrees
of all irreducible characters of U divide q. So from Clifford theory and Gallagher’s theorem applied
to N5,6,7  U it follows that each ψa1,a2,a3 extends to U in q
2 ways. We denote these extensions by
ψa1,a2,a3,b1,b2 where ai ∈ F×q and b j ∈ Fq . Inﬂating ψa1,a2,a3,b1,b2 to U , we get the q2(q−1)3 irreducible
characters χa1,a2,a3,b1,b25,6,7 of degree q of U .
4.1.8. The irreducible characters in families F5,6 , F5,7 , F6,7
We will explain how to construct the members of F5,6 and note that the construction for the
members of F6,7 and F5,7 is analogous.
Let U , N5,6,7 be the groups deﬁned in the construction of the irreducible characters in the family
F5,6,7. The group N5,6,7 ∼= Hα5 × Xα6 × Xα7 has (q − 1)2 irreducible characters such that Xα7 is con-
tained in their kernel and Xα5 , Xα6 are not contained in their kernel, these characters have degree q
and can be parametrized by ψa1,a2 where a1,a2 ∈ F×q . Using Gallagher’s theorem in the same way
426 F. Himstedt et al. / Journal of Algebra 332 (2011) 414–427Table 4
Numbers and degrees of the irreducible characters of U . The numbers of the irreducible characters are given as
polynomials in v = q − 1.
Degree Number of irreducible characters Comments
q4 v4 + 3v3 + 3v2 + v
q3 v5 + 5v4 + 10v3 + 7v2 + v if q is odd
v5 + 4v4 + 10v3 + 7v2 + v if q is even
q3
2 4v
4 only if q is even
q2 3v4 + 9v3 + 9v2 + 3v
q v5 + 5v4 + 10v3 + 9v2 + 3v
1 v4 + 4v3 + 6v2 + 4v + 1
as for F5,6,7 we see that each ψa1,a2 extends to U in q2 ways leading to the irreducible characters
χ
a1,a2,b1,b2
5,6 of degree q of U .
4.1.9. The irreducible characters in families F5 , F6 , F7
We will explain how to construct the members of F5 and note that the construction for the
members of F6 and F7 is analogous.
Let U , N5,6,7 be the groups deﬁned in the construction of the irreducible characters in the family
F5,6,7. The group N5,6,7 ∼= Hα5 × Xα6 × Xα7 has (q − 1) irreducible characters such that Xα6 and Xα7
are contained in their kernel and Xα5 is not contained in their kernel, these characters have degree q
and can be parametrized by ψa where a ∈ F×q . Using Gallagher’s theorem in the same way as for
F5,6,7 we see that each ψa1,a2 extends to U in q2 ways leading to the irreducible characters χa,b1,b25
of degree q of U .
4.1.10. The irreducible characters in Flin
We have
U/[U ,U ] ∼= Xα1 × Xα2 × Xα3 × Xα4 ∼= F4q
and so the statements about the linear characters of U are clear. This completes the proof of Theo-
rem 4.1.
4.2. Numbers and degrees of irreducible characters
We see from Table 3 that for odd q the degrees of the irreducible characters of U are powers of q.
So U is a q-power-degree group in the sense of [16]. This observation is a special case of a general
theorem of B. Szegedy on the Sylow p-subgroups of classical groups deﬁned over ﬁnite ﬁelds of good
characteristic p, see [20, Theorem 2].
From Table 3, we can derive that an analogue of Isaac’s conjecture holds for the Sylow p-subgroup
U of the Chevalley groups of type D4, even in bad characteristic.
Corollary 4.2. The degrees of the irreducible characters of U are given by Table 4. In particular, the number of
conjugacy classes of U is {
2q5 + 5q4 − 4q3 − 4q2 + 2q, if q is odd,
2q5 + 8q4 − 16q3 + 14q2 − 10q + 3, if q is even.
Proof. This follows from Theorem 4.1. 
For odd prime powers q the number of conjugacy classes of U was already computed by
S.M. Goodwin and G. Röhrle [10, Table 1].
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